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I. ABSTRACT 



In this brief communication we will consider the entropy of a scalar field in Schwarzschild black hole 
background using the brick- wall model of 't Hooft. We will show that a proper counting of states lead to 
an expression for the entropy of the scalar field which is different from the standard expression and is not 
proportional to the area of the horizon. 
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II. BRICK- WALL MODEL AND THE ENTROPY OF A SCALAR FIELD IN 
SCHWARZSCHILD BLACK HOLE BACKGROUND 

The thermodynamical nature of black holes was first established by Bekenstein [1]. He obtained an 
expression for the entropy of black holes. This expression was proportional to the area of the horizons of the 
black holes. Hawking obtained an exact expression for the entropy by considering the behavior of matter 
fields in the black hole backgrounds [2]. The entropy of a black hole, considered as a thermodynamical 
system, was found out to be Here A is the horizon surface area. The thermodynamical properties of 
matter fields in black hole backgrounds was discussed by 't Hooft [3]. The black hole is assumed to be in 
thermal equilibrium with surrounding matter. For a static black hole the rate of particles radiated by the 
black hole should be equal to the rate of absorption of matter by the black hole, 't Hooft [3] assumed that 
the matter field wave function is vanishing near the horizon as well as at infinity, i.e, for a large value of 
the radial coordinate. Since then a lot of works had been done on the entropy of matter fields in black hole 
backgrounds using the brick-wall model [4,5,6,7,8,9,10, 13, 14]. 

In this communication we will discuss a few aspects on the entropy of a massless scalar field in the 
Schwarzschild black hole background using the brick- wall model of 't Hooft [3]. We will show that with a 
proper counting of the density of states, the entropy of a massless scalar field is different than that obtained 
by 't Hooft [11]. 

The radial part of the wave equation of a massive scalar field in the Schwarzschild black hole background 
is given by the following expression: 

(1 - '^)E^^{r) + ^drr{r - 2M)dri>{r) - [^^^^ + m']^{r) = (1) 
Here I is the angular momentum quantum number and E is the energy. 

We follow the procedure of t' Hooft to calculate the entropy of a scalar field using the brick wall model 
and the WKB quantization rule [3] . We consider massless fields but the discussions can also be extended for 
massive fields. The boundary conditions on the scalar field are the following: 



V'(2A/ + /i),7/;(L) = (2) 

where h « 2M and L » 2AI. Here h is the brick-wall cut-off parameter. We consider the solutions 
of the wave-equation obtained by the WKB approximation. The solutions are assumed to be of the form 
p{r)expiS{r). The solutions are stationary w.r.t the radial variable throughout the spatial manifold. These 
solutions are also important for the analysis of the Hawking radiation. 



* E-address: ghosh_kaushik06@yahoo.co.in 



2 



The expression for the free energy of a massless scalar field is given by the following expression: 



Here V{r) = 1 — The range of E integration is from zero to infinity although one should be considering 
the back reaction to the metric. The range of r integration is from 2M + h to L where L » 2M. 

Wc now consider the free-energy calculation using a proper density of states. Let us first consider the WKB 
quantization condition together with the brick wall boundary condition. We have the following condition: 



7rn= / drk{r,l,E) (4) 

Jri 

Here the symbols have their usual meaning. We assume that for a given set of values for E, I, r\ and L 
there exist one solution of the above integral equation. The upper value of I is restricted by the condition 
that k(r) should remain real throughout the total region of integration. We have, 



Mr) = ^/^^^^^7^ (5) 

Here we are considering a massless scalar field. At r = 2M + h with h ^ 0, I can be varied freely. However 
for a state for which k{r, E, I) is real throughout the complete region from r = 2M + h to r = L the upper 
limit of I is restricted by the maximum value of which occurs at r = 3M. Hence the upper limit of / is 
given by the following expression, 



l{l + 1) = 27E^M^ (6) 

The I integration in eqn.(3) for the free energy introduces a factor in the radial integral. Wc^ can take 
the upper limit of / -integration to be l{l + 1) = s{27E'^M^), where s can be taken to be arbitrarily close to 
one but not one so that k{r) is real for all values of r. The product s^^^(27£^^M^) is less than E'^ for all 
values of r. We first do the / -integration. The free energy is given by the following expression: 



We can do a binomial expansion in s to find out the leading divergent term in the brick-wall cut-off 
parameter. The maximum value of the term 27 M^^-^ is one. We thereafter do the radial integration and 
the energy integration respectively, ft can easily be seen the term associated with the linear order term in 
s is the most divergent term in the brick- wall cut-off parameter h. The entropy is given by 5 = /3^^. The 
entropy associated with the linear order term in 's' is given by. 



^ 27 si ^ L ^, / M 
^=128^tM+ 2^^(71)] 

Where / = /o°° (cxpx-i) ^ JE- ^^'^ divergent part of the entropy associated with the brick- wall cut- 
off parameter is logarithmically divergent in the cut-off parameter. This is expected as the constant-time 
foliations intersect at the horizon. Here f3 is given by the usual expression /3 = SttM and h is the brick-wall 
cut-off parameter. We have assumed L >> 2M. We find that with this expression of /3 the divergent part 
of the entropy in terms of the brick-wall cut-off parameter is independent of the horizon surface area. The 
higher order terms in s are not divergent in h and vanish in the limit L — > oo. We can extend the above 
discussions to massive fields. For massive fields k{r) is given by the following expression: 



k{r) 



V{r) 



£;2 



Vir) 



(9) 
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We first find out the maximum value of the term + ^1(1 + 1)]. Thereafter we determine the 

maximum allowed value of 1(1 + 1) so that the square-root remains real for all values of r and /. The free 
energy is given by the following expression: 

Here N is the maximum allowed value of I. We can now follow the steps similar for the massless fields 
with replaced by — m^V{r). The leading divergence of the entropy in the brick wall cut-off parameter 
remains to be of the same form as that for the massless field. The energy is defined with respect to an 
asymptotic observer and the lower value of the limit of energy integral is m. 

To conclude, we have considered the entropy of a scalar field in a Schwarzschild black hole background. 
We have followed the procedure formulated by 't Hooft. The scalar field is vanishing near the horizon as well 
as far away from the horizon. The density of states is calculated using the WKB approximation. We found 
that the entropy associated with the states for which the WKB quantization rule is valid throughout the 
region of interest is different from that obtained by 't Hooft and as is discussed in the standard literature. 
The laws of black hole thermodynamics are differential laws. The entropy of the matter fields may be 
important to interpret the entropy renormalization constant [3]. The part of the entropy associated with 
the brick-wall cut-off parameter is independent of the black-hole mass and can be considered to give the 
entropy renormalization constant. However this term is divergent in the brick- wall cut-off parameter and 
leads to continuous spectrum. The universality of the part of the entropy associated with the brick-wall 
cut-off parameter indicates the ill-behavedness of this part of the entropy is associated with the intersection 
of the constant-time foliations at the horizon as is mentioned earlier in this article. These discussions 
are also important in the context of black-hole remnants [3]. In this context it is interesting to study 
the corresponding situations with other black holes backgrounds. The entropy of the matter fields is also 
important in the scattering matrix approach of 't Hooft where the entropy of the black hole may be related 
with the states of the matter fields outside the black hole [3] . This may be significant to explain the black 
hole entropy if we consider the black hole and the surrounding matter fields outside the horizon as a single 
system. However we have found in this article that the matter field entropy is not proportional to the horizon 
surface area, as was obtained in the earlier works, and the above interpretation is not valid for the entropy 
of the matter fields in the states considered by 't Hooft [3] and in this article. It is also important to note 
that the entropy of the matter fields in the Euclidian sector is proportional to the area of the horizon and 
differs from the Lorentzian sector expression obtained in this article . The expression of the matter field 
entropy for the states considered in this article is also important for the entanglement entropy approach to 
explain the black hole entropy [12]. The fact that the solutions of the matter field may not contain a global 
oscillatory term for all values of 'I' is also important to discuss the scattering and absorption of matter fields 
in black hole backgrounds. These discussions may also be significant in the context of quasinormal modes. 
We will consider the above aspects later. 

Lastly we can equate the logarithmically divergent part of eqn.(8) with the black hole entropy to deter- 
mine the brick- wall cut-off parameter (or the proper distance cut-off parameter [3]). The brick- wall cut-off 
parameter is then determined in terms of the black hole parameters. I am thankful to the reviewer for this 
suggestion. 
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